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§0 Introduction 



Let K*{X) denote the generalized homology of X with coefficients in the spec- 
trum K{C) [A], 7r a finitely generated discrete group and Bit its classifying space. 
For any Banach algebra A(tt) with C[ir] C A(ir), there is an assembly map K. ¥ (Bit) — > 
Kl(A(ir)) for the topological if -theory of A(tt). In this paper we are interested in 
the "maximal unconditional completion" of C[tt] in the reduced group C* -algebra 
C*(tt). This algebra, denoted A m ax(^), was introduced by Lafforgue in [La] (the 
definition is recalled below). The main result of the paper is 

Theorem 1 . Let tt be a finitely- generated group and x = (x n , x„_2, . . . ) denote 
an element of K n {Bir) <g> C = (H*(Btt) <g) K*(C)) (g> C. Suppose there exists a 
cohomology class [c] € H n (Bir;C) represented by an n-cocycle of subexponential 
growth with < c,x n >^ 0. Then x is sent by the assembly map to a nonzero 
element of Kn(A max (ir)) ® C. In particular, if all rational homology classes of 
tt are detected by cocycles of this type, then the assembly map for the topological 
K -theory of A max {^) is rationally injective. 

An n-cochain c is A-exponential (A > 1) if there is a constant C (depending on 
A) for which || c(g 1} ...,g n ) ||< C(A^"=i L( ^)) for all \g 1 , . . . ,g n ] in C n (Bir), where 
L(_) is the standard word- length function associated to a set of generators of it. It 
is subexponential if it is A-exponential for all A > 1. For finitely-generated groups 
two distinct presentations of tt yield linearly equivalent word-length functions, so 
the notion of A-exponential does not depend on the choice of presentation of tt. The 
proof of Theorem 1 is based on the recent work of Puschnigg [P], [PI], in which the 
theory of local cyclic homology is developed. Given the results of these two papers, 
our task essentially reduces to showing that subexponential group cocycles extend 
to continuous local cyclic homology cocycles on A ma x{^)- This is accomplished 
using relatively standard techniques from cyclic homology and appealing to two 
key results from [P]. 
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In an earlier draft of this paper, the authors proved the weaker result that co- 
homology classes of polynomial growth paired with Kl{A m ax{^)) hi the manner 
described by the above theorem, following the ideas of [CM]. It is clear that our 
original approach could have been extended to include a more restrictive subexpo- 
nential growth condition modeled on the subexponential technical algebra described 
in [Jl], [J2]. We are indebted to the referee for suggesting this stronger result as 
well as its connection to [P]. There is substantial evidence that the class of groups 
satisfying the property that all of its rational homology is detected by cocycles of 
polynomial growth is quite large, possibly containing all finitely-generated discrete 
groups whose first Dehn function is of polynomial type [01, Conj. A]. If this pattern 
persists for Dehn functions of subexponential growth, one might expect a similar 
density of subexponential cohomology classes for Olshanskii groups. 

The second author would like to thank D. Burghelea for many helpful conversa- 
tions in the preparation of this paper. 
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jjl Proof of the main result 



We recall some basic facts about Hochschild and cyclic homology ([CI], [C2], 
[L]), consistent with the notation and conventions of [P]. We assume throughout 
that the base field is C, with all algebras and tensor products being over C. For 
an associative unital algebra A, let Q n A = A <g> A® n , and set ft* (A) = ®Cl n (A). 

n 

Define b n : Q n (A) -> ^^(A) by the equation 

n-l 

6 n (a ,di,.. -,a n ) = J2(~iy(a , . . .,aia i+1 ,.. -,a n ) + (-l) n (a n a , a u . . . ,a n _i) 

i=0 

This is a differential, and the resulting complex (fT(A), £>) is the Hochschild complex 
of A, also denoted by C*(A). Its homology is denoted HH*{A). The Hochschild 
complex admits a degree one chain map given by 

n 

B n (ao, ai, . . . , a n ) = ^(— l) m (l, a i; a i+1 , . . . , a n , cto, ai . . . , otj-i) 

n 

— ^(— l) m (a;, 1, aj+i, . . . , a n , a , . . . , aj_i) 

i=0 

and this defines a 2-periodic bicomplex ^(A)** with {B(A) 2p:q = (g> 9+1 A, B(A) 2p -i tq = 
0. The differentials are b q : B(A) 2pjq ->■ #(A) 2m -i and S g : B(^4) 2p! g ->■ B(A) 2p _ 2;q+1 . 
The total complex T*(^4) = ( © i3(^4)2 P ,g,b + B) of the resulting bicomplex 

2p+ q =* 

B{A)^ 1t = {B(A) t:¥ ;b, B} is clearly Z/2-graded (and contractible). There is a de- 
creasing filtration by subcomplexes F k T*{A) = (b(n k (A))($n n ^ k (A),b + B), and 

n 

the periodic cyclic complex CC* er (A) is the completion of T*{A) with respect to 
this filtraton: CCT r (A) = hmT*(A) / F k T*(A), with homology HCr r {A). For lo- 

n 

cally convex topological algebras, projectively completing the tensor products in 
the complex Q* (A) yields topological Hochschild and periodic cyclic homology. 

Note on notation : In [P] and [PI] the author defines Q n (A) as Sl n A = A®A® n 

where A = A + = A © C denotes A with a unit adjoined. This is referred to as 

the Hochschild complex of A, and its homology as the Hochschild homology of 

A. However, this definition actually produces the normalized Hochschild complex 
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C*(A + ) n of A + , and its homology is HH*(A + ) = HH* (A) HH*(C). Dividing 
out by by the additional copy of C occuring in A in dimension of C if (A + ) n yields 
the reduced complex C*{A + ) re d, and the inclusion C*(A) C*{A + ) re d induces 
an isomorphism in homology, but is not an isomorphism of complexes [L, 1.4.2]. 
In order for the chain-level isomorphisms in [P, Lemma 3.2 and 3.3] to hold, one 
must use C*(C[7r]), not the larger C*(C[7r] + ) re d. This decomposition leads to the 
homogeneous decomposition stated in [P, Lemma 3.9], a result used in this paper. 
For these reasons, we will assume throughout that our algebra A is unital, and that 
Q* (A) denotes the usual Hochschild complex of A. 

We recall the definition of local cyclic homology [P], [PI]. Let A be a Banach 
algebra, U its unit ball. Given a compact subset K of U, Ak is the completion of 
the subalgebra of A generated by K with respect to the largest submultiplicative 
seminorm r? such that rj(K) < 1. Next, for an auxiliary Banach algebra A', let 
r](-)N,m be the largest seminorm on Q*(A') satisfying 
(1.1) 

VN,m(ao,ai,a 2 ■ ■ . ,o n )jv,m < -t"Tt( 2 + 2c(n)) m iV" c(n) || a \\a' ■ ■ ■ ■ ■ \\ a n \\ A > 

c(n)l 

for each n, where N > 1, m € N and c(2n) = c(2n + 1) = n. For each N the 
boundary maps b and B are bounded with respect to the family of seminorms 
{ri(-)N,m}m£N- Thus the completion of T*(A') with respect to this family of semi- 
norms again yields a complex, denoted T*(A')( N y In particular this applies when 
A' = Ak- Note that an inclusion of compact subspaces K K' induces a continu- 
ous homomorphism of Banach algebras Ak — > Ak< , and that if ./V < N' the identity 
map on T*(A') induces a natural morphism of complexes T*(A')( N ) — > T*(A')( N ry 

Definition 1.2 [P, Def. 3.4] , In terms of the above notation, the local cyclic ho- 
mology of a Banach algebra A is 

HC l ° c (A) = hm H*(T*(Ak)(n)) 

A Banach space X is said to have the Grothendieck approximation property if 
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the set of finite rank operators is dense in the space of bounded operators C{E) 
with respect to the compact-open topology. A Banach algebra has this property 
when its underlying Banach space does. In [PI] Puschnigg proves that for Banach 
algebras satisfying this property, the above inductive system used in the definition of 
HC l °°{A) can be replaced by a much smaller countable directed system. Precisely, 
let Vq C V\ C • • • C Vj C • • • C A be any increasing sequence of finite-dimensional 
subspaces of A for which (J Vj is dense in A. Let B r be the closed ball of radius r 
in A. Set Kj = Vj D . 

Proposition 1.3 [P, Prop. 3.5; PI, Th. 3.2] . If A is a Banach algebra with 
the Grothendieck approximation property, then 

HC l ° c (A)= Inn H m (T.(A K .\ N) ) 

We now specialize to the case A is a Banach algebra completion of C[tt]. There 
is a well-known decomposition of the Hochschild complex ([B], [Ni]) C*(C[7r]) = 
C*(C[7r]) <3> the sum being indexed over the set {< g >} of conjugacy classes of 
7r. The boundary maps b n preserve summands, so that for each < g > (C*(C[7r]) <3> , b* ) 
is a subcomplex and direct summand of (C*(C[7r]), &*). Because the differential B 
also preserves this decomposition, it extends to the bicomplex £>(^4)**. These sum 
decompositions then yield sum-decompositions of the corresponding algebraic ho- 
mology groups 

(1.4) M.(C[tt]) = etf#*(C[7r]) <g> 

and for each < g > a summand HCT r (C [tt] ) <g> of KCT r (C [vr] ) , where HH, (C [vr] ) < g> 
resp. #Cr r (C[vr]) <9> is the homology of (C, (C[vr]) <9> , K) resp. {CCl er {C[ix]) <g> , K). 
In general, extension of these decompositions to the topological complexes associ- 
ated to completions of the group algebra is problematic. However, for weighted i 1 
completions, the summands persist (cf. [Jl]). For local cyclic homology, one has a 

similar result. To describe it we need some more terminology. 

6 



Let I 1 (tt) be the i 1 algebra of the discrete group tt. As in [Bo] , let i\ (tt) denote the 
completion of C[tt] with respect to the largest seminorm v\ satisfying v\(g) < 
where L is the the word length function on tt associated to a finite symmetric set 
of generators, and A > 1. Obviously £\(tt) = ^{tt), and for each A > 1, £\(tt) is a 
subalgebra of I (tt) and a Banach algebra, with {£\(ft)}\>i forming an inductive 
system. The Banach algebra £ x (tt) has the Grothendieck approximation property 
described above. Given a finite generating set S of tt with associated word-length 
metric L$, let Vj be the linear span of {g \ L$(g) < j}, with Kj defined in terms 
of Vj as before. 

Proposition 1.5 [P, Lemma 3.7] . For each generating set S and associated word- 
length function L on tt associated with S, there is a natural isomorphism 

" lim "e 1 (ir) K . ^"lim"4(vr) 
A>1 

The quotation marks here indicate that these limits are actually objects in the 
category of Ind-Banach algebras (i.e., the category whose objects are formal induc- 
tive limits over the category of Banach algebras - [PI]). As a consequence, one has 
the following analogue in local cyclic homology of the "Principe d'Oka"due to Bost 
[Bo]. 

Theorem 1.6 [P, Cor. 3.8, Lemma 3.9] . Let tt be finitely- generated with gen- 
erating set S and associated word-length function L. Then there is an isomorphism 

HC l r(i\TT)) - A Jim >i ^(Ca(4(vr)) (w) ) 

Af->oo 

Moreover i7C' oc (£ 1 (7r)) admits a decomposition as a topological direct sum indexed 
by the set of conjugacy classes of tt. 

Next we recall the following definition and results, due to Lafforgue [La]: A(tt) 

is a sufficiently large good completion of the group algebra C[tt] inside of C*(tt) 

if i) it is admissible, ii) it is a Frechet algebra with seminorms {r/i(_)} satisfying 

ViCEg^g) = m(J2 g \ X a\9); |A 9 | < |A^|V 5 implies ??i(E 5 A 9 f) < r]i(J2 g X' g g) and 
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iii) it contains the Banach subalgebras £\{7r) for all A > 1. There is a maximal 
such subalgeba of C*(ir), denoted A ma x(^), which is the completion of C[ir] in the 
seminorm || / || maa ; : =|| |/| \\r, \\-\\r being the reduced C* norm. For our purposes, 
we will only state the following result for A ma x(^)', a more general result is given 
in [P]. In what follows, < e > denotes the conjugacy class of the identity element; 
the summand indexed by this element is referred to in [P] as the homogeneous 
summand (cf. also [B]). 

Theorem 1.7 [P, Proposition 4.5], [CM] . There is a decomposition 

HCi oc (A max (7r)) * HCi oc (A max (7r)) <e> e (HCl oc (A max (7r)) <e> f 

analogous to Burghelea's decomposition for HC* er (C[ir]) . Moreover the inclusions 
£\(t{) > Amaxi^) induce an isomorphism on the homogeneous summands of local 
cyclic homology groups 

Hc i r{e(K)) <e> - Hci° c (A max (TT)) <e> 

We define a cohomology theory on Bit which we will pair with the right-hand 
side of (1.6). Let S and L be as above. Let B*(ir) denote the non-homogeneous bar 
complex on it. Then H*(Btt; C) is computed as the cohomology of the cocomplex 
C*(Bit; C) = Hom(B*(ir); C), a typical n-cochain represented by a map (f> : (it) 71 — > 
C. 

Definition 1.8 . A cochain <j> : (7r) n — > C is called X- exponential if there exists a 
constant C\ > with 

\H9i,92,...,g n )\<C x (x^ L ^) 

for all (g 1 ,g 2 ,...,g n ) G B n (ir). 

For fixed A, the set of A-exponential cochains form a subcocomplex C^(Bn- } C) of 

C*(57r;C), and the A-exponential cohomology of Btt is H{ (Bn; C) := H*(C* x (Bir; C)). 

A cohomology class [c] <G H n (Bir;C) is A-exponential if it lies in the image of the 
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natural map H* x (Bir;C) ->■ H*(Btt;C) induced by the inclusion Cl(Bir;C) ^ 

C*(Bir;C). The subexponential cocomplex is C* e (Bir;C) := f| C{(Btt;C), and 

A>1 

the subexponential cohomology of 7r is H* e (Bir;C) := H*(C* e (B-K; C)). Finally, a 
cohomology class [c] as above is subexponential if it is in the image of the canonical 
map H* se (Bir-C) -> H*(Btt;C). 

In order to describe the pairing, we construct a variant of Puschnigg's local 
theory. First, note that HC l ° c {A) is a Z/2-graded theory whose algebraic coun- 
terpart is not cyclic homology but periodic cyclic homology. Returning to the 
bicomplex B(A)**, we let BC(A) pq = {B(A) pq } for p > 0, and for p < 0. Al- 
gebraically this is the quotient of B(A)** by the subbicomplex {B(A) pq }p <0 . Set 
TC*(A) = ( © BC(A) 2p , q , b + B). This is a connective complex (usually de- 

2p+q=* 

noted CC*(A)) whose homology computes the algebraic cyclic homology of A. 
Let Ct v (A) = {C^ y (A) = C n (A)/(l — r n+ i), b} n > denote the usual cyclic com- 
plex of A, formed as the quotient of the Hochschild complex by (1 — r*), where 
T n+ i(a , . . . ,a n ) = (— l) ra+1 (a ra , a , • • • , a n -i)- There is a projection map TC* (A) 
which sends BC 0q (A) = C q (A) surjectively to C^(A), (1 - T q+1 ){C q (A)) m- 0, and 
sends BC pq (A) to for p > 0. As we are over a field of char. 0, this is a quasi- 
isomorphism. Now the completions used in the definition of local cyclic homology 
apply to both TC,(A) and C?{A). Thus 

Definition 1.9 . For a Banach algebra A, let 

HCCl loc (A)= lim H*(TC.(A K ) m ) 

KdU 
N^oo 

HCCi oc {A) = Inn H m (C^{A K ) {N) ) 

KdU 

where the notation is as in Def. 1.2 above. The projection maps of complexes 
T*(A') -» TC*(A') -» Ct y (A') are clearly bounded with respect to the seminorms 
used above for any of the auxiliary Banach algebras Ak, yielding homomorphisms 
on homology groups 

(1.10) HC l ° c (A) -» HCCl loc {A) -> HCC l ° c (A) 
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induced by the obvious projection maps of complexes. Here HCC ° C stands for 
" connective local cyclic homology", as distinguished from HC l ° c , while "Hoc" refers 
to the "intermediate local" connective theory which simply serves as a bridge be- 
tween the left and right hand sides of (1.10). Finally, we note that for algebras 
with the Grothendieck approximation property, one could similarly define homol- 
ogy groups using the smaller countable direct limits described above in Proposition 
1.3. As we are interested in the case A = £ l {n), we will use the directed systems of 
Theorem 1.6. 

Definition 1.11 . Let ir be finitely- generated with generating set S and associated 
word-length function L. Then 

HCC^(f(n)) := Jnn^(C^(4(^)) W ) 

iV->oo 

By the same reasoning as in [P, Lemma 3.9], we see that HCC7 1oc {£ 1 {k)) admits 
a decomposition as a topological direct sum indexed by the set of conjugacy classes 
of 7r. Moreover, the canonical map HC*(C[tt]) — > HCC* ploc (£ 1 (ir)) obviously pre- 
serves the decomposition. In particular, HC* (C[7r]) <e> maps to 
Note that, unlike the original local cyclic theory of [P], there is no reason to be- 
lieve that HCCi ploc (e 1 ('ir)) and HCC 1 ™ (defined as FCC£ oc (_) of an Ind- 
Banach algebra in the sense of [PI]) agree. Nevertheless, there is an evident map 
HC 1 ° c {1\-k)) HCC7 l ° c {^{^)) which we may fit into a diagram 

k1 op {C[tt}) HC, (C[tt}) 

(i.i2) id 0f W)) >■ Hci oc {e^)) hcc7 1oc (£H^)) 

Kl op (A max (K)) HC l r(A max (7r)) HCC7 loc (i l ^))<e> 

The vertical maps on the left are induced by the evident inclusion of topological 

algebras. The group Kt° p (C[7r}) denotes the topological if-theory of C[ir] equipped 

with the fine topology, and the top horizontal map is the Chern character of [T]. The 
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second and third horizontal maps are the Chern character of [P] and [PI] to local 
cyclic homology. The two maps to the group in the lower right corner are induced 
by Theorem 1.6, Theorem 1.7 and the evident decomposition of HC* p1oc (1 1 (k)) 
into summands indexed by conjugacy classes. The commutativity of the diagram 
follows from the compatibility of Chern characters. Theorem A now follows from 

Lemma 1.13 . Let [(f)] G H™ e (Bir; C). Let [c] denote the image of [(f)] in H n {BTt; C), 
and let r c denote the standard n-dim. cyclic group cocycle on C[ir] formed by choos- 
ing a normalized representative c of [c] and extending it over C^ v (C[k]). Then <j) 
induces a map (</>)* : HCCf l ploc {t 1 ('K)) <e> — > C such that the composition 

HC n (C[7r}) -> HCC% ploc (£\ir)) -» HCC**™ (I 1 C 

equals the map induced by [t c ]. 

Proof . For fixed N, m let D N>mt „ = c(n)!(2 + 2c{n))- m N c ^ (cf. (1.1)). Now also 
fix A > 1, and consider an element x = Ylili^Oi, 9u, ■ ■ ■ ,9ni) m the completed 
complex C^(£\(it))^n)- For r c as above, we have 

\ T c{x)\ 

< \li\\ T c(90i, 9li, • • • ,9ni)\ 

i 

goigu-----gni=l 

^ = hM\9u, ■ ■ ■ ,9ni])\ 

< hi\CX L{9lt) • ... • \ L{9 ™ ] 

i 

< {CD N ^ mtn )r] Ntm ^Y]jj(goi,gii ■ ■ ■ ,9ni) \ = {CD N ^ mtn )r] Ntm (x) < oo 

We are using the seminorm defined in (1.1) for the auxiliary algebra A' = £\{tt) 
with norm || J2~fi9i II£1(tt) : = J2i \li\^ L( ~ 9 ^ ■ Thus, for each A > 1 and N > 
0, r c extends to a continuous cyclic n-cocycle on C* y (£\(it))(n), defining a ho- 
momorphism H n (C* y (£\(tt)) ( N ^) — > C. These extensions are obviously compat- 
ible with the inclusions associated to the directed system occuring in the def- 
inition of HCC* p1oc (£ 1 (tt)) in (1.11) above, and factor through the projection 
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HCC^ii 1 ^)) -» HCCi ploc {i\ir)) <e> . Denoting the induced homomorphism 
on the direct limit by (4>)- ¥ yields the result. / / 

Combining this with the commuting diagram now completes the proof of main 
result stated in the introduction. 
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